INDUCTIVE RING TOPOLOGIES(*)

BY
JOHN O. KILTINEN

Since topological algebra is the study of algebraic structures with topologies for
which the operations are continuous, a natural question for the topological
algebraist to ask is whether a given structure admits any such topologies whatever,
other than the discrete and indiscrete ones. The question has been answered for
some classes of structures. For example, Kertész and Szele [7] prove that every
infinite abelian group admits a nondiscrete, Hausdorff group topology. On the
other hand, Hanson [5] gives an example of an infinite groupoid which admits only
the two trivial topologies mentioned above.

Our purpose here is to answer this question for infinite fields, proving that every
infinite field admits a nondiscrete, Hausdorff field topology. This will be done by
affirmatively answering the question for two classes of commutative rings: the
first being all integral domains with a certain cardinality condition (§3), and the
second, all rings which are the union of a chain of subrings with certain properties
(§4). These two classes will be shown to include all infinite fields (§5).

Our method of proof will make use of an inductive procedure first used by
Hinrichs [6] to prove the existence of certain unusual topologies on the integers.
The procedure is described in §1, where we define what we mean by an “inductive
ring topology”.

In §§7 and 8, we turn our attention to some further applications of inductive
topologies, showing first how they can be used to construct interesting examples of
topologies on the integers and rational numbers. We use them to get proofs that
there are uncountably many, and non-first countable ring topologies on all the rings
considered in §3 and §4. We also show how characterizations can be obtained for
several classes of topologies on fields using modifications of the inductive method.

A supplement to our discussion of field topologies comes in §6, where we charac-
terize those fields which admit nondiscrete, HausdorfT, locally bounded topologies.
The methods used here, however, are those of valuation theory.

When we say that a topology J is a ring topology on a ring A, we mean that the
mappings (a, b) = a—b and (a, b) — a-b from A x A into A are continuous. J is a
field topology on a field K if it is a ring topology, and in addition, the mapping
a— a~' is continuous on K~{0}.
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1. Definitions of inductive topologies. Let 4 be a commutative ring with iden-
tity. Then a unique first countable ring topology on A is determined if we take as
a basic system of neighborhoods of zero a collection {V, : n=0} of subsets of 4
having the following properties for all n=0, [2, p. 76].

(1.1 O€eVy,
(1.2) Va= =V,
(1.3) Vas1tVar1 S Vo,
(1.4 Va1 Vasr E Va

(1.5) For any x in A, there is an integer k such that x-V,,, € V,.

Furthermore, the topology is Hausdorff if and only if [2, p. 14]
(1.6) nOo V, = {0}.

Suppose now that {V,, : n2 0} satisfies (1.1) to (1.5), and that g, is in ¥, for each
k= 1. Then clearly for each m and n with m>n, by repeated applications of (1.3)
and (1.4), one can show that V, contains certain algebraic combinations of a,,
Qm_1,...,0,+1. From (1.5), we can see that certain multiples xa, are in V,, for
n+1sksm.

It is from these elementary observations that the idea for an inductive topology
is derived. To get an inductive topology, we begin with a sequence a;, a,, . . ., and
inductively build up the sets V,, V1, Vs, ... so that they contain only the algebraic
combinations of a,, a,, as, . . . necessary so that (1.1)—(1.5) are satisfied. Let us now
describe the procedure in detail.

Since the sets Vg, V3, Vs, ... will contain only polynomial expressions in
a,, a,, as, . . ., it will prove to be advantageous to at first replace this sequence of
elements of 4 by a sequence of indeterminates X, X, Xj, . ... Let A[(X,)] denote
the ring of polynomials over A4 in these indeterminates. Let (By),z, be a sequence of
subsets of 4 which satisfies the following conditions.

1.7 BB, SByc---
(1.8) D U — D multiplicatively generates 4, D = O B,.
n=1

A set S multiplicatively generates the ring A if every element of A is a product of
elements of S.
We begin by defining a double sequence of sets of polynomials in A[(X,)]:
w3, Wi, Wi, W5, ...
wi Wi wi,...
Wi Wi, ...
wi,....
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Let W3 be the set containing only the zero polynomial. That is,
(1.9 w3 = {0).

Assume now that the sets W™ have been defined for each n and m such that
0sn=m=k. Let
(1.10) W;:Ii = {0, Xic+1, —Xk+1}-
If W¥*! has been defined for each j such that k+12j2r+1, then define W¥+** by
k+1 k+1
wies = [(wrsi+ Wios) U (Brse WED)

Ly [

s k+1
W1+1) ¥ (Wr+1'
s=r+1 s=r+1

O wy

s=r

where “ ~” denotes relative complementation.
For each n2 0, we define W, to be the union of the sets in the nth row of the array.

That is,

(1.12) A w, = ) wr.

m=n

One may easily verify that we have built into the collection of sets {W, : n20} the
following properties for each n20.

(1.13) Oe W,
(1.14) W, = —W,,
(1.15) Wyir+ Woer S W,,
(1.16) Waii Wasr S Wy,
(1.17) Boiy Wosy S W,

From properties (1.13)-(1.15), we see that the collection {W, : n20} is a basic
system of neighborhoods of zero for an additive group topology on A[(X,)].
Indeed, one can see (Lemma 2.2) that the topology is Hausdorff. From property
(1.16), we observe that multiplication is continuous at zero. From (1.17), we can
derive the following generalization.

For any x in A there is an integer k

1.17)
such that foralln =2 0, x- W, ., S W.,.

To see this, let x be any element of 4. Then by (1.8), there are elements x;, x,
...y Xp in D such that x= +x,%,- - - x,,. By (1.7), there is an integer k, such that
x; € By, for all j such that 1<j<m. Let k=ko+m. Then clearly by (1.7), X +1)-;
€ B, . k-5 where 1=j<m, and n20, since n+(k—j)=k, Thus for any n=0,
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by (1.17) and (1.14),

Wik = XiXg  XmWasre € X1 Xno i Wask-a
S E X X iWaiko; S-S XaiWaskem-1

€ Wisikom = n+ke & Wi

We now derive a topology on A from this one on A[(X,)]. Let (ac)>, be a
sequence of elements of 4. Let o,,, be the substitution homomorphism from
A[(X,)] into A defined by

o(ak):P(Xl, XZ’ .. ')-')P(al’ ag, . . )

for all polynomials P in A[(X,)]. Then oy,, is indeed a homomorphism from
A[(X,)] into A, where the domain and range are regarded as algebras over 4.
To get the desired neighborhoods of zero in 4, for 0sn<m, let

m-1 3
(1.13) Vi = 0@o(WD) ~ ’L=Jn o@o(W3),

(1.19) Vo = 0@0(Wh).

It is clear, then, that V,=Jgz_, V7. Also, from (1.13)-(1.17), and the fact that
O, Is an algebra homomorphism, it follows that for all n20, properties (1.1) to
(1.5) hold. In addition, for all n20,

(15’) Bn+1’Vn+1 s Vn-

Thus, ¥ ={V, : n20}, is a basic system of neighborhoods of zero for a ring
topology on A in which the sequence (a,) converges to zero. Note that this is just
the quotient topology on A determined by the mapping o, and the topology
given to A[(X})]).

DErINITION. Call the topology just defined the inductive ring topology on A
determined by the sequences (a,) and (By). Denote it by J ((ay), (By))- Call the
topology on A[(X,)] the inductive polynomial topology determined by the sequence
(B.), and denote it by 7 ((B,)). For brevity, we will sometimes call an inductive ring
topology simply an inductive topology.

We note here that even though an inductive polynomial topology J ((By)) is
always Hausdorff, an inductive ring topology 7 ((a.), (By)) derived from it need
not be. In fact, 7 ((a,), (B,)) may be the indiscrete topology. We will be interested,
then, in finding ways to suitably restrict 4 and choose the sequences (a,) and (By)
so that 7 ((a,), (B:)) can be proven to be Hausdorff.

2. Some basic lemmas. The first two lemmas in this section identify the
properties of the polynomials in the sets W} which make possible the construction
of Hausdorff topologies under suitable conditions. The third gives a useful sufficient
condition for Hausdorff separation for inductive topologies.
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For a polynomial P in A[(X,)], by the monomials of P, we will mean those
monomials in P which have nonzero coefficients. A monomial of course is a product
cXirXiz- - - Xi» of powers of finitely many indeterminates, with a coefficient ¢ in 4.
For a polynomial P in A[(X,)], let deg, (P) denote the degree of P in the in-
determinate X,,.

For each P in A[(X,)], let P¥ denote the polynomial which is the sum of the
monomials of P not divisible by X,. Let *P, be the sum of the monomials of P
which are divisible by X,,. It is clear then, that P=*P, + Py for all m>1.

LEMMA 2.1. Let P be in W™. If n<m, then P} is in W] for some j such that
nsj<m.

Proof. We use a double induction argument. The proposition holds vacuously
for the set W3. Suppose then it holds for all sets W2 where n<m<k. It holds
vacuously for Wkt and is obvious for

(21) W§+1 = [{i’Xk+1, iZXk+1, iX§+1}U(i'Bk+1'Xk+1)] ~ {0}

Let us suppose now that it holds for all W¥*! where k=j=r+1, and show that
it holds for W¥+1,

Let P be an element of W¥**. Then by (1.11), P is either: (a) a sum R+S, (b) a
product R-S, or (c) a product b- R, where Re Wk}, Se W;,, for some s such
that r+1=s<k+1, and where b € B, ;.

Let us first consider case (a). By the induction hypothesis, there are integers j, and
Jo With r+1=5j;<k+1 such that Rf,, e Wit , and S¥,, € W ,. Now clearly the
monomials of R+ .S which are not divisible by X ., are the sums of the monomials
of R and S not divisible by X, ;. That is, (R+S)¥, =R}, .+ Sk, 1. But by (1.11),
R, .+ Sk, € Wi for some j such that r<j<max {j,, jo} <k+1.

For case (b), we note that

22) P=R-S=(*R+R*)-(*S+5*) = *R-*S+*R-S*+ R*-*S+ R*.S*,

where we have dropped the subscripts from RY,,, etc., for compactness. Since
every monomial of *R and *S is divisible by X, ,,, so are all those of *R-*S,
*R-S*, and R*-*S. Thus, P}, =R, ,-S¥. ., and by (1.11), R¥, ,-S¥,, € Wi for
some j such that r<j<max {jy, jo} <k+1.

To prove case (c), we note that (b- R)¥,,=b- R, ,, and b- R{. , is in Wi by our
induction hypothesis and (1.11).

LEMMA 2.2. Let P be a nonzero element of the set WT. Then P is a polynomial in
X with coefficients in A[X, ..., X,_.] such that 1 <deg, (P)s2™~".

Proof. Again we use a double induction argument. The proposition holds
vacuously for W . Suppose now that it holds for all sets W™ where nSm=<k. As the
nonzero elements of Wi are X, ,; and — X, ,, it clearly holds for this case. By
(2.1), we see that it holds for Wk+1,
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Suppose now that the proposition is true for all W¥*! where k2j2r+1. We
shall show that it also holds for Wk+1,

Let P be an element of W¥*! As in Lemma 2.1, we may express P as either:
(@) P=R+S, (b) P=R-S, or (c) P=b-R, where Re Wk}l Se Wi,, with
r+1=s<k+1, and b€ B,,,. By the induction hypothesis, 1 <deg,,, (R)<2*" ",
and 1=deg,,, (S)<2* " if s=k+1 and deg,,, (S)=0if s<k+1.

Now clearly P is a polynomial in X,., over A[X),..., X,] in all these cases,
since by the induction hypothesis, R and S are.

The upper bound that we must show for the degree of P in X ., is 2**2 -7 This
is immediate for all three cases because of the induction hypothesis, and the prop-
erties of the degree of sums and products of polynomials.

To see that in case (a) the degree of P in X, ., is at least one, note that if the degree
of P=R+S in X,,, is zero, then

P = (*R+R*)+(*S+S5*) = (*R+*S)+(R*+ 5*) = 0+ (R*+5*).

But by Lemma 2.1, there are integers j, and j, with r+1<j,<k+1 such that
R¥, e Wi, and S¥,, e Wi, Then by (1.11), P=R¥,;+S¥,., is in W} for
some j such that r Sj<max {j,, jo} <k+1. This is a contradiction, for Pe W¥*?1,
and by (1.11), W¥* n Wi=g if j#k+1. Thus, degc., (P)=1.

One verifies the lower bound for cases (b) and (c) in a similar manner. In case (b),
if deg,.; (P)=0, we see from (2.2) that P=R},, Sy, ,, which, by Lemma 2.1,
leads again to the contradiction that P € W/ for some j<k+1.

LemMMA 2.3. Let I ((ai), (Bi) be an inductive ring topology with basic neighbor-
hoods given by (1.18) and (1.19). If (C\)i >, is a sequence of subsets of A such that
C,cCos---<A and \Jg., Co=A, and if V7 N C,<{0} for all n and m, where
n<m, then I ((ay), (By)) is Hausdorff

Proof. Let x be a nonzero element of 4. Then there is some n such that x € C,
for all m=n. Then x ¢ V7™ for all m2n, so x¢ V,=\JZ., V7. Thus (1.6) holds,
so the topology is Hausdorff.

3. Integral domains of confinality character X,. Our main goal in thissectionisto
prove (Corollary 3.2) that every countable integral domain 4 admits a nondiscrete,
Hausdorff inductive ring topology. The countability assumption is needed only so
that we may express A4 as a union of countably many subsets of smaller cardinality.
Since domains of certain other cardinalities will also have this property, we will
formulate our results in a slightly more general form.

DEFINITION. Let S be a set. Then S, or its cardinal number, has confinality
character X, if S is the union of countably many subsets of smaller cardinality(®).

(?) The term “cofinal with w” is also sometimes used to define this property for cardinal
numbers. We take the definition used here from [K. Gddel, What is Cantor’s continuum problem,
Amer. Math. Monthly 54 (1947), 515-525].
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In what follows, the cardinality of a set S will be denoted by |S|. A countable set
will always be an infinite one. We will require only the most familiar results of
cardinal arithmetic, which may be found in a reference such as [1, §6, pp. 90-108].

In the next theorem, the sequence (B,) of subsets of 4 can be any one satisfying
conditions (1.7) and (1.8), and such that |B,| <|4| for each n.

THEOREM 3.1. Let A be an integral domain which has confinality character X,. Let
D be any subset of A such that | D|=|A|. Then there exists a sequence (a;) of elements
of D such that 7 ((ax), (By)) is Hausdorff.

Proof. Let (C,) be any sequence of subsets of 4 which has the properties that
C,cCcCis -+, Ui-1Cc=4, and |C,| <|4]| for each k1. Our cardinality
assumption on A assures the existence of such a sequence.

We will prove that we can inductively define a sequence (a,) in D in such a way
that the sets V'™ given by (1.18) satisfy the following condition.

G.1) Ve Ca < {0}

Note that by Lemma 2.2 and (1.18), the set V' depends only on the elements
a,, as, . . ., a, of the sequence (@,). Thus, we can prove (3.1) for all m and » such that
n<=m<=k once we have defined a,, a,, . . ., a.

Since V§={0}, (3.1) holds trivially for n=m=0. For convenience in the proof,
let a, be any element of D.

Assume now that a,, a,, . . ., a, have been chosen from D in such a way that (3.1)
holds for all m and n such that 0Sm=<n=k. We will show that there is an element
a, ., in D such that by taking a, ,; to be the next element in our defining sequence,
we get that ’

(3.2) VE*1 A G,y < {0}

for all n such that 0<n=k+1.

To prove this, we first let S,.,={P(ay,..., @, Xx+,) : P€ WEi*! for some
n<k+1}. Then the set Sy .;=S+1— Ci+1 is a set of polynomials with coefficients
in A in the one indeterminate X, . ,. Finally, let R, ., be the set of all roots in 4 of
nonzero polynomials in Sy, ;.

Now because |By,,|<|A4| and |C,.;|<|A|, one can prove, using standard
results of cardinal arithmetic, that |Sy.,,| <|A|. Since 4 is an integral domain, every
nonzero polynomial over 4 has only finitely many roots. Thus, it follows that the
cardinality of R, ., is also less than that of 4 and D.

Since |Ry+,| <|D|, D~ Ry .1# @, 50 let a,., be any element of D not in Ry ;.
We are now able to show that with a,,, chosen in this way, property (3.2) holds
for all n such that 0<n<k+1.

Let x be a nonzero element of ¥%*1, By (1.18) and Lemma 2.2, x=P(a,, . . ., @, +1)
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for some P in W¥X*!. Let us re-express P(ay, . . ., @, 1) as a polynomial in a, ., ;. We
then have
X = R,(al, e ey ak)-(ak+1)"+R,_1(a1, ceey ak)-(ak+1)"1
+--- +R°(a1, ey ak).

By Lemma 2.2, 1Srg2k*i-n,
We next observe that for some j>1,

(34 Rya,,...,a) # 0.

Suppose to the contrary that Rqa;, ..., a)=0 for all j such that 1<j<r. Then
x=Ry(a,, . . ., a,). But Ry(Xy, ..., X,) is the polynomial P¥,, of Lemma 2.1, and
by that lemma, P}, , is in W/ for some j<k+ 1. Then

X = P;:+ ay, .. a) = C'(a.)(P)f-r (X, ., X)) e a(a‘,(W,{).

This is a contradiction, since x is in V%*!, and by (1.18), VE*! N o, (Wi)=2
for j<k+1.
Since (3.4) holds for some j= 1, we may as well suppose that in (3.3),

R(a,,...,a) # 0.
We finally see that x is not an element of C, ., ,, for it follows from (3.3) that
(3.5) RAay;---s @) (@+r)+ - +Ry(ay, -5 ) Gesr +(Rolay, - - -, @) —x) = 0.

Now

3.3)

Riay, ..., a) (Xis)+---+Rias, ..., ) Xei1+Ro(ay, - . ., ai)

is in Sy .,, so if x is in Cy,,, then (3.4) and (3.5) show that g, is the root of a
nonzero polynomial in Sy .,. This is a contradiction, since a,.; is not in R,,;.
Thus, x ¢ C,.,, and we have verified that (3.2) holds.

This completes the inductive step. We have shown, then, that we can define a
sequence (a,) such that (3.1) holds. It follows from Lemma 2.3 that I ((a,), (By)) is
Hausdorff.

Since any countable integral domain clearly has confinality character X,, the
following corollary is an immediate consequence of the theorem.

COROLLARY 3.2. If A is a countable integral domain and (b,) is any sequence of
distinct elements of A, then for some subsequence (a;) of (b), 7 ((a.), (B)) is Haus-
dorff.

REMARK 3.3. Notice in the proof of Theorem 3.1 that we did not make use of the
set C ., in inductively defining the sequence (a,) until we came to defining a. ;.
Thus, we do not have to assume that the sequence (C,) is given to us from the
beginning, but may at the (k + I)th stage, take C,., to be in some way dependent
on the particular choices of a,, a,, . . ., a,. It will be necessary to do this in several
of our applications.
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4. Algebraically unbounded rings. We turn our attention in this section to
proving the existence of Hausdorff inductive topologies on rings which are described
by the following definition.

DEFINITION. A commutative ring A with an identity element, 1, is algebraically
unbounded if there is a sequence (B,).z, of subrings of A4 such that 1€ B,<B,
SB;c -+, A=\Jx-1 B, and such that for all pairs of positive integers (n, m),
there is an element a of A4 of degree at least m over the subring B,. The sequence
(B\) will be called an algebraically unbounded sequence of subrings of A.

By the degree over B, of an element a of A, we mean the least integer r such that a
is a root of a polynomial over B, of degree r. If a is a root of no nonzero poly-
nomial over B,, i.e., a is transcendental over B,, then we will say that it has infinite
degree over B,. Its degree is then greater than m for every positive integer m.

Suppose now that (B,) is an algebraically unbounded sequence of subrings of 4,
and suppose that we use the subrings B, to define an inductive polynomial topology.
Since the sets WT are formed by operations of addition and multiplication, from
(1.10) and (1.11), we can prdve inductively that W is contained in B,[ X, . . ., Xul
for n=m,m—1,...,0. It will follow, then, that no matter how a sequence (a,) is
chosen, the sets '™ determined by it will be contained in the subrings By. Indeed, if
r is an integer at least m such that all the elements a,, a,, . . ., a,, are contained in B,,
then

Ve S 0@o(WR) S 0ay(BulX1s ...y Xn)) = Balay, ..., a,] € B,,

for all n such that 0= n<m. This condition on the sets V'™ will be instrumental in
the proof of our next theorem.

THEOREM 4.1. Let A be an algebraically unbounded commutative ring with
identity. Then there are Hausdor(f inductive ring topologies on A.

Proof. Let (B,),.; be an algebraically unbounded sequence of subrings of A.
We will inductively choose a sequence (a,) such that the sets V7 for 7 ((ax), (B.))
satisfy the following condition.

@“.1n Ve n B, < {0}.

To begin the sequence conveniently, we will augment it by letting a, be any
element of 4. Assume now that ay, . . ., @, have been defined. Let p(k) be the least
integer r such that {a,, . . ., a,} < B,. Then take a,,, to be any element of 4 whose
degree over B,, is greater than 2**!. By our hypothesis on 4, such an a, ., exists.

We first note that the sequence (p(k)),»o, Which was just defined is strictly
increasing. Thus, since p(0) is at least one, by induction, p(k)=k+1 for all k0.
We have then that for all k20, B, ., < B,

To see that (4.1) holds for the sets VT determined by the sequence (a;) which
we have chosen, let x be any nonzero element of V7. Then by Lemma 2.2 and (1.18),
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we may express x as x=P(a,, a,, . . ., a,), where P € W7. As was observed above,
PeB,[X,,..., Xa) If we re-express P as a polynomial in X,,, we have

(4'2) X = Rk(al’ ey am-l)'(am)k'l' T +R1(al9 DR am—l)'am+R0(a1, ey am-l),

where we assume that R(a,, . . ., a,_;)#0. If k=0, then, as in the proof of Theorem
3.1, we have by Lemma 2.1 that x is in o,(W;) for some i such that n<ism—1,
which is a contradiction. Thus, we have that k> 1, and by Lemma 2.2, k<2"-"< 2™,

Now B,SB,;-1, and P is in B,[Xy, ..., Xpl S Boym-1[X1s - - .5 Xn). Thus, as
the set {a,, ..., a,_,} is contained in B, _,,, the coefficients Rj(a;, ..., an-1) of
(4.2) are also in B, _ .

Now suppose that x is in B,,. Then x is in B, -,,, s0 by (4.2), a, is the root of a
nonzero polynomial, of degree at most 2™, with coefficients in B,,_,,. This contra-
dicts the fact that we chose a,, to be of degree greater than 2™ over B, - ;,. Thus, we
must conclude that x is not in B, and so (4.1) is proven.

Again, it follows from (4.1) and Lemma 2.3 that the topology J ((ax), (By)) is
Hausdorff.

5. Inductive topologies on fields. We will show in this section how the results
from §§3 and 4 can be used to prove the existence of nondiscrete, Hausdorff field
topologies on every infinite field.

. Let F be a subfield of K. It is well known [9, §12, pp. 95-102] that there is a
subset D of K algebraically independent over F such that X is an algebraic ex-
tension of F(D). Such a set D is called a transcendence basis, and F(D) can be
regarded as a field of rational functions, with the elements of D regarded as
indeterminates.

LEMMA 5.1. Let F be a subfield of a field K, and let D be a transcendence basis for
K over F. If D is infinite, then K is algebraically unbounded.

Proof. Let (D,) be a sequence of subsets of D such that D,<D,<---,
U1 Dy=D, and D~ D, # @ for all k21. For each k, let F, be the algebraic
closure of F(D,) in K. We will show that (F,),z, is an algebraically unbounded
sequence of subrings of K.

First, it is clear that F,S F,< - - -. Second, if a € K, then there is a polynomial
P=37_, o X' with coefficients in F(D) such that a is a root of P. Since the «;’s are
rational expressions in the elements of D, each involves only finitely many elements
of D. Thus, each « is in F(Dp,) for some m(i). If m=m(i) for 1 £i<n, then all the
coefficients of P are in F(D,,). Hence, a is in F,, and it follows that (-, F,.=K.

To see that K contains elements of arbitrarily high degree over any one of the
subfields F,, consider an element x of D~ D,. If x were algebraic over F,, then it
would also be algebraic over F(D,), [9, Theorem C, p. 61], which would violate
the algebraic independence of D over F. Thus, x is transcendental over Fi,.
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THEOREM 5.2. Every infinite field K admits a nondiscrete, Hausdorff inductive
ring topology.
Proof. Let F be the prime subfield of X, and let D be a transcendence basis for K

over F.

Case 1. D is finite. Then K is a countable field, so the result follows from
Corollary 3.2.

Case 2. D is infinite. Then by Lemma 5.1, X is algebraically unbounded, so the

result follows from Theorem 4.1.
COROLLARY 5.3. Every infinite field admits a nondiscrete, Hausdor(f field topology

Proof. It is known [4, pp. 809-811] that if .7 is a nondiscrete, Hausdorff ring
topology on a field X, then there is a nondiscrete, Hausdorff field topology 7' on K
coarser than J. The desired result follows from this fact, and the theorem.

6. Locally bounded topologies on fields. The topologies given to fields in the
preceding section do not necessarily have the desirable property of local bounded-
ness. We investigate here the question of which fields admit topologies with this
additional property. Although local boundedness can be built into inductive
topologies (see §8), the methods of valuation theory will be more efficacious here
than our inductive technique.

DEeriNITION. If I is a ring topology on a commutative ring 4 and % is a basic
system of neighborhoods of zero, then a subset B of A is bounded if for all U in %,
there is a ¥V in % such that B- V< U. If there is a bounded neighborhood of zero,
then J is locally bounded.

DerINITION. If K is a field, a real valuation on K is a function ¢ from K* = K~ {0}
into the positive real numbers such that for all x and y in K*, the following prop-

erties hold.
$(xy) = $(x)-(»), $(x+y) £ max {$(x), $(»)}-
We will call ¢ proper if its range contains more than one element.

One gets a locally bounded field topology from a valuation ¢ by taking the sets
of the form

U, = {xeK*: ¢(x) < U {0}

for every £>0 as a basic system of neighborhoods of zero. The topology is Haus-
dorff, and is nondiscrete if and only if ¢ is proper.

DEerINITION. We will say that a field is algebraic if it is of prime characteristic,
and is algebraic over its prime subfield.

THEOREM 6.1. The following are equivalent for a field K.

1° K is not algebraic.

2° K admits a proper, real valuation.

3° K admits a nondiscrete, Hausdorff, locally bounded ring topology.
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Proof. The fact that 2° implies 3° was noted above.

3° implies 1°. Suppose that K is algebraic and that J is a locally bounded,
nondiscrete ring topology on K. We will show that every neighborhood U of zero
contains all of K, and hence, that .7 is the indiscrete topology and therefore not
Hausdorff.

Since J is locally bounded, a neighborhood U of zero contains a neighborhood
V of zero such that V-V V. (Let V={x € U, : xU,< U,}, where U, is a bounded
neighborhood of zero contained in U.) Then for every positive n, V"< V.

Now since K is algebraic, for any nonzero x, x~*=x" for some positive integer ».
Thus, if xe V, then x '=x"e V"< V,so V-icV.

Now let x be any element of K. Then there is a neighborhood W of zero such that
xW<c V. As 7 is nondiscrete, there is a nonzero element yin WN V. Then xy e V,
so xe Vy-lcVV-1cVcU. Thus, K V< U, so J is the indiscrete topology.

1° implies 2°. If K is not algebraic, then either K has characteristic zero, or con-
tains an element = transcendental over its finite prime subfield Z,. In these re-
spective cases, let F be the subfield of rational numbers, or Z,(7). Then in either
case, F clearly admits a proper, real valuation ¢. Our goal is to extend ¢ to K.

Let B be a transcendence basis for K over F. Then the elements of F’'=F(B) are
quotients P/Q of polynomial expressions in the elements of B with coefficients in F.
For such a polynomial P=37_, a;- XJ:i.1- - - X7.i.k, where X, e Band g, € F, we
define é(P) by

d(P)=0 if a, = 0 for all i,
= max {¢(a) : 1 <i<n} ifa # 0 for some i.

We then define ¢(P/Q)=¢(P)/4(Q). One can show that these definitions extend ¢
to a valuation on F’. Since K is an algebraic extension of F’, it is known [8, Theorem
12, p. 57] that ¢ can be extended to a valuation on K.

7. Other applications of inductive topologies. In this section we will present
generalizations of some of the results proven by Hinrichs for the integers, and will
show how his results can be derived within our more general context. Theorem 7.2
is a heretofore unpublished result of Hinrichs’.

THEOREM 7.1 [6, p. 993]. There exist Hausdorff ring topologies on the ring of
integers, Z, which have neighborhoods of zero which do not contain ideals.

Proof. Let B,={meZ : 0<m=n} for every n=1. By Corollary 3.2, there is a
sequence (a,) of positive integers such that .7 ((ay), (B.)) is Hausdorff. We will
show that the sequence (a;) can be chosen so that the neighborhood ¥ of zero for
this topology, given by (1.19), has the property that for all positive integers m,

there is an interval I, = [k,, k,+m]in Z
such that VoN I, = .

(1.1

This will assure that for all m= 1, ¥V, does not contain the ideal mZ.
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To get (7.1) to hold, we make use of Remark 3.3 in defining the sequence (ay).
We may let a; be any element of Z. Assume now that a,, . . ., a,, have been defined.
By Remark 3.3, and the fact that the sets V%, are in this case finite, we may take the
set Cnyy of (3.1) to contain I,=[ky,, k,+m], where k,=sup (U, Vi)+1.
But then for all k20, V% N I,= @. This follows from the definition of I,, for k< m,
and from (3.1) for k2m+1, since I,,<C, for all such k. Thus, (7.1) and the
theorem follow.

DEFINITION. A ring topology is said to be additively generated if the additive
subgroup generated by any neighborhood of zero is the entire ring.

One can readily see that if the elements in a sequence (a,) of integers are chosen
so that for all m there is an n>m such that a, and a, are relatively prime, then
7 ((ax), (By)) is additively generated. We thus have that there are Hausdorff,
additively generated ring topologies on the integers.

Correl proved [3, Theorem 2.10, p. 38] that a ring topology on the rational
numbers, Q, which is not additively generated is finer than the p-adic topology for
some prime p. This might lead one to wonder if additively generated topologies are
necessarily finer than the usual one. The following theorem shows that this is not
the case.

THEOREM 7.2 [HINRICHS). There are additively generated, Hausdorff ring top-
ologies on Q not finer than the usual one.

Proof. By Corollary 3.2, there is a Hausdorff inductive ring topology 7,
=7 ((ax), (B,)) on Q, where (a,) is a subsequence of the sequence of prime integers.
(The sequence (B,) can be any increasing sequence of finite subsets of O whose
union is Q.)

To show that 7, is additively generated, let G be any additive subgroup neighbor-
hood of zero, and let a/b be any element of Q. Then b0, so bG is again an additive
subgroup neighborhood of zero. Hence, bG contains all but finitely many of the
primes a,. Thus, bG N Z is a subgroup, and hence an ideal in Z which contains
infinitely many primes. It follows that 5G N Z=2Z, so a € bG, and hence, a/b € G.

We see, then, that G=Q, so J, is additively generated. Clearly 7, is not finer
than the usual topology, for the sequence (a,) which converges to zero in 7, is
bounded away from zero in the usual topology.

Using Correl’s theorem and taking (a,) to be a subsequence of the sequence
(1/py) of inverses of primes, it can be shown that there also are additively generated
ring topologies on Q strictly finer than the usual one.

In our next two theorems, we show that not only does the inductive approach
give us access to Hausdorff topologies on the rings in the classes considered in §3
and §4, but it gives a way of proving that there are uncountably many of them.
These generalize Hinrichs’ result [6, p. 94] for the integers.

LeEMMA 7.3. Let A be aring, and let 7 be a ring topology on A in which a sequence
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(ax) of distinct, cancellable elements converges to zero. If U is any T -open set, then
|U|=|4].

Proof. It is clearly sufficient to take U to be a neighborhood of zero.

For all x in A4, xa,e U for some n. Thus, A=\J7., 4,, where A,=
{x€ A : xa, € U}. Since the a,’s are cancellable, the mappings x — xa, are in-
jections on A. Thus |4,| < |U| for each n. Since U is infinite, | 4| =|\U =1 4./ =|U]|.
Since U< 4, |U|=|A|.

THEOREM 7.4. Let A be an integral domain of confinality character X,. Then there
are uncountably many first countable, Hausdorff ring topologies on A.

Proof. Suppose to the contrary that all the nondiscrete, first countable, Haus-
dorff ring topologies on A4 can be enumerated, J;, J,, 73, .... For each n2 1, let
,={Udn) : k=1} be a countable basis for the neighborhoods of zero for 7, such
that Uy, ,(n) < Ui(n) for each k2 1. Using the usual diagonal process, Theorem 3.1,
and Remark 3.3, we will obtain a Hausdorff inductive topology Z,, and for each
n21, a sequence (b,(n)), >, convergent to zero in ., but bounded away from zero
in J,. This will imply that J, is not in the list, J;, Z;, 75, . . ., which is a con-
tradiction.

The sequence of sets B, which determines 7, can be any one satisfying (1.7) and
(1.8) and such that |B,|<|A4| for all k1. The sequences (b,(n)).z1 Will be kept
away from zero by including elements from them in the sets C, of (3.1). To get the
C.’s large enough, however, we begin with a sequence (C;) such that C;=C,< - - -,
U#-1 Ci=4, and |Cy| < |4].

We now describe how the sequence (a,) determining J,, and the sequences
(bi(m) for n=1 and (C,) are to be defined.

Let C,=C}, and let a, be chosen according to the procedure in Theorem 3.1 so
that (3.1) holds, i.e., Vi N C,<{0} for i=0, 1. Now, as was observed in proving
Theorem 3.1, |V U V§| <|A|. Since |Uy(1)|=|4| by Lemma 7.3, we can find an
element b,(1) in U,(1)~[V§ L V]

Assume now thata,, ..., a; Ci, .. ., C; have been defined so that (3.1) holds for
n<m=k. Also assume that partial sequences

by(1), ba(1), .. ., bie—2(1), Bu(1)
51(2), b5(2), - - -, bi-1(2)

By(k—1), bak—1)
bi(k)

have been defined so that

f+i-1
71.2) b(j) € UG) ~ (_Jo VD for2 < i+j < k+l.
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We then let '
(7.3) Ciir = Crrn V() : 25 i+j S k+13,

which we may do by Remark 3.3. Clearly we still have |C,.,| <|4|. Next choose
@+, 5o that (3.1) holds for nSm<k+ 1. Finally, since || %t} V7| <|4|, we may by
Lemma 7.3 pick k+1 elements by(k+1), by(k), . . ., b(2), br+1(1) such that for
1<igk+1,

k+1
bitk+2-i)e Uk +2—i) ~ L_)o Ve,

Now the topology J,=7 ((ay), (By)) just defined is Hausdorff by Theorem 3.1.
One can see from (7.2) that the sequence (b,(n)).; converges to zero in Z,. It
follows from (7.2), (7.3), and (3.1) that b,(j) ¢ V, for all i and j, so that each of the
sequences (by(n)), >, is bounded away from zero in .

This contradiction leads us to conclude that there are uncountably many first
countable, Hausdorff ring topologies on 4.

Our next theorem gives the result analogous to Theorem 7.4 for algebraically
unbounded rings. We will only sketch the proof.

THEOREM 7.5. Let (By), >, be an algebraically unbounded sequence of subrings of a
commutative ring A with identity. Then there are uncountably many Hausdorff
inductive ring topologies on A determined by the sequence (B,).

Proof. Assume that 7, 9,, ,,... is a list of all of the Hausdorff inductive
topologies determined by the sequence (By). Let (b,(n)). =, be a sequence convergent
to zero in 7, for each n2> 1.

One can use a diagonal process just as in the proof of Theorem 7.4 to get sub-
sequences of each of the sequences (b,(r)) which are bounded away from zero in a
Hausdorff inductive topology Z,. The facts making this possible are that there are
elements from each of the sequences (by(n)) in B,~ B, _, for arbitrarily large
integers m, and that each of the sets V5 for the topology 7, is, by Theorem 4.1,
contained in one of the subrings B,.

In our final theorem of this section, we prove that on all of the rings we have
considered, there are ring topolf)gjes which are not first countable, thereby general-
izing another result of Hinrichs’ [6, p. 995].

THEOREM 7.6. If A is an integral domain of confinality character X, or an alge-
braically unbounded commutative ring with identity, then there are Hausdorff ring
topologies on A which are not first countable.

Proof. Let (B,) be an increasing sequence of subsets of 4 such that | B,| < | 4| for
all k and (J{-, B.=4, or an algebraically unbounded sequence of subrings for
these respective cases. Let .# be a maximal chain in the nonempty collection,
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ordered by set inclusion, of all nondiscrete, Hausdorff inductive topologies on A
determined by the sequence (By). Let 7 be the supremum of .Z.

Then J is a nondiscrete, Hausdorff ring topology on A in which the sets B, are
bounded. If J were first countable, then one could get a basis ¥ ={V, : n21}
for the neighborhoods of zero satisfying (1.1)-(1.4) and (1.5"). One can see, then,
that if a, € V,,~{0} for each k< 1, then J ((a,), (B:)) is a nondiscrete topology finer
than J. Furthermore, using the technique of the proof of Theorem 7.4, one can
keep a sequence convergent to zero in J bounded away from zero in I ((ay), (By)),
and thus assure that the latter topology is strictly finer than J.

This clearly violates the maximality of the chain .#, so we must conclude thai I~
is not first countable.

8. Characterization results. Two properties shared by all inductive ring top-
ologies are the properties of first countability and countable boundedness. We say
that a ring topology on a ring A is countably bounded if A is the union of countably
many sets bounded with respect to the topology.

To see that a topology 7 ((ax), (B\)) on a ring A has this latter property, note that
by (1.5’) the sets B, are bounded. The property follows, then, from the fact that

4= kL=J1 (Bi-By- B, U —B\By- - - By),

and that products and finite unions of bounded sets are bounded.

It is natural to wonder if these two properties characterize all ring topologies
which can be defined inductively. We shall see that they at least characterize for
fields, the “weak” inductive topologies in the following sense.

DEFINITION. A weak inductive ring topology is a topology .7 ((a.), (B)) derived in
exactly the same manner as an inductive ring topology, except that instead of (1.7)
and (1.8), the sets B, satisfy the following conditions.

®8.1) B.=B.,UB; forallk>1.
(1.7) BB, By<---.
(1.8") D' v — D’ multiplicatively generates 4, D’ = kL_)l By.

THEOREM 8.1. Let I be a ring topology on a commutative ring A with identity
such that zero is a limit point of the set S={a € A : The map x — ax is open}. Then
g is a weak inductive ring topology if and only if T is first countable and countably
bounded.

Proof. The necessity of these two conditions holding for an inductive topology
was just noted. The observation is equally valid for weak inductive topologies.

Sufficiency. Let (C,) be a sequence of bounded subsets such that 4=J2., C..
For each n, let B,=\J?_, C.. Then the sets B, are bounded, and satisfy (1.7°) and

(1.8).
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Since J is first countable, we clearly can get a basic system {U, : n=0} of
neighborhoods of zero which satisfies the following conditions for all n20.

(8.2) Uy, = =U,
(8.3) Ups1+Upir € U,
3.4 Uns1°Upsy € Uy,
(8.5) By Upyy € U,

Now let B, =B, U U,, and let g, be any element of U, N S for each n2= 1. We will
show that 7 is the weak inductive topology J,=9 ((ax), (Bx))-

Since a, € U, for each n, it is an easy inductive proof to show that each of the sets
V'™ given by (1.18) for J,, is contained in U,,. Thus, the J,-neighborhood of zero V,
is contained in U, for each n, so I =7,

Since U,.,<B, .., clearly U, ,,-a,.,SV**1cV,, by (1.11) and (1.18). Since
a,41 €S, a,,,-U, ., is a I -neighborhood of zero, so I, 7.

COROLLARY 8.2. A ring topology I on a field is a weak inductive ring topology if
and only if it is first countable and countably bounded.

We have not been able to prove that every first countable, countably bounded
ring topology on an arbitrary commutative ring with identity is inductive. However,
the following theorem asserts that all such topologies can be in a sense approxi-
mated by inductive topologies.

THEOREM 8.3. If J is a first countable, countably bounded ring topology on a
commutative ring A with identity, then  is the infimum (in the lattice of all top-
ologies on A) of the set of all inductive ring topologies which are finer than J.

Proof. Let B,=B,=B;<--- be a chain of bounded subsets of A such that
A=\J® . B,. As in Theorem 8.1, one can inductively define a basic system
{U, : n=0} of neighborhoods of zero for J satisfying conditions (8.2)—(8.4) for
all n=0, and the further condition that B, .- U,., < U,.

As was observed, for any sequence (a,) such that a, € U, for all k, the inductive
ring topology 7 ((a,), (By)) is finer than J. Thus, we see that the set &/ of inductive
ring topologies finer than J is nonempty.

Let 7, =inf 27. Then clearly J is a finer topology than 7, i.e., 7 < J,. Suppose
that J is strictly finer than . This is equivalent to saying that the identity map I
from (A4, ) onto (4, ) is not continuous. That is, I does not preserve J-limit
points.

Thus, there is a subset S of 4, and a point x in 4 such that x is a J-limit point
of S but not a J,-limit point of S. As J is first countable, we may extract a se-
quence (x,) from S such that (x,) converges to x in 7.

As (x,) converges to x in Z, (x,—x) converges to zero in J. Let us choose a
subsequence (x,,) of (x,) so that for each k, x, —x € U,.
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Then, as was noted above, J ((x,, —x), (By)) is an inductive ring topology finer
than J, and hence, 7,9 ((x,.,;—x), (By)). But in J((x,,—x), (By)), the sequence
(xn,— Xx) converges to zero, and hence, (x,,) converges to x. Now as J is coarser
than J ((x,,—x), (Bx)), it follows that (x,,) also converges to x in J,. This is a
contradiction, since {x,, : k2 1}< S, and x is not a J-limit point of S. Hence, we
conclude that I =9,

As has been observed, inductive topologies do not in general have the property
of local boundedness. (An example of one which does not is gotten by taking a
nondiscrete, Hausdorff inductive topology on an algebraic field. By Theorem 6.1,
this topology is not locally bounded.) However, local boundedness is a sufficient
condition for a first countable ring topology on a field to be inductive, as we shall
see shortly. As a corollary of this result, we will get an interesting characterization
of all first countable, locally bounded ring topologies on a countable field. To do
this, however, we will need a way of building local boundedness into an inductive
topology, which the following definition gives us.

DEFINITION. An inductive locally bounded ring topology on A, denoted by
Ty((ax), (By)) is derived in exactly the same manner as an inductive ring topology,
except that the definition of the set W¥*! for r<k is changed from (1.11) to the
following.

[ k+1 k+1
Wi = (Wm+ Wﬁ+1)u(W:°:f W)

L s=r+1 s=r+1

k k+1
(8.6) U Byay- WEFD) U (( U Wa)-( Wi,y )]

s=0 s=r+1

[k

~ U W;].
LS=T1

This change clearly builds into the set W, the property that W,- W, ., < W, for
all n=20. Then also by (1.19), V,- V,,., SV, for all n, so V, is a bounded neighbor-
hood of zero.

With local boundedness built into an inductive topology in this way, the problem
of finding sufficient conditions for Hausdorffness becomes very difficult, since
Lemmas 2.1 and 2.2 are no longer true.

THEOREM 8.4. Let K be a field, and let T be a first countable, locally bounded ring
topology on K. Then J is both an inductive ring topology and an inductive locally
bounded ring topology.

Proof. Since the discrete topology is 7 ((ax), (Bi)) or Zu((ay), (By)), where a, =0
for all k, and therefore is both inductive and inductive locally bounded, let us assume
in what follows that 7 is nondiscrete.

Let U be a bounded, symmetric neighborhood of zero such that 1 € U and
U-UcU. Let (b,).», be any sequence of nonzero elements which converges to
zero. Then {b,U : n2 1} is a basic system of neighborhoods of zero for J.
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We will inductively extract from (b,) a subsequence (a,)=(b,,) such that the
basic system {a, U : k> 1} has certain special properties.

To begin the inductive definition, let a;,=1. Assume now that ao, a;=b,,
a;=b,,, ..., a,=b,, have been defined. As a, U is a neighborhood of zero, we can
find neighborhoods N; — N, of zero such that

Ni+N, € a U,
N;-N; € a,U,
T N; € a,U,
N,;-U € a,.U.
Here, and in what follows, T, is the finite set {(a,-,/a,) : 1=r<k} for all k2 1.
Now fix some integer r > n, such that b,U=(\f-, N;. Let a;,1=b,,,,=b,.

Letting U,=a,U for each n20, we then have that {U, : n=0} is a basic system
of J-neighborhoods of zero which satisfies the following conditions for all n2 0.

8.7 Uns1+ Uiy € Uy,
(8.8) Uns1-Unsy € Uy,
(8.9) Tos1Unsr € Uy,
(8.10) Upir Uy S U,

We next note that D'=UU {(a,/a,.,) : n=0} multiplicatively generates A.
To see this, let x be any element of 4. As (a,) converges to zero, a,x is in U for
some n. Since

X = (xan)(an - 1/ an)(an - 2/ a, - 1) e (al/ az)(ao/ al),

we see that x is a product of elements of D’".
Let (S,) be a sequence of subsets of U such that S, =S,<---<U, and (2., S,
=U. For each k21, let

(8.1]) Bk = SkUTk'SkUTk.

Then B,=B,<---, and since D'c D=|\JZ., B,, D multiplicatively generates A.
Also, one may easily see that B, ,,-U,., < U, forall n=0. As g, is in U, for k=1,
it follows, as in Theorem 8.1, that the inductive ring topology J,=7 ((a.), (B.)) is
finer than . That is,  <J,. Similarly, the inductive locally bounded topology
T1=9((ax), (By)) is also finer than J.

We shall now show that 9,9 and 4, <J. Considering both cases together,
since one argument suffices for both, let {V,, : n= 0} be the basic system of neighbor-
hoods of zero for 7, or 7, given by (1.19). It is clearly sufficient to show that for all
n21,

(8.12) U, € Vo
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To see that (8.12) holds, let x be any element of U,. Then as U,=a,U, x=a,x,
for some x, in U. Then X, is in S, for some k. Clearly we may take k so that k>n.
Now by (8.11), (@ -1/ax)x, € By, so by (1.5),

Xo@y -1 = Xo(@x-1/ax)a. € By Vi € Viey-
As (@ -2/a-1) € B, by (8.11),
Xo@x-2 = (@e—2/@k-1)Xo@-1 € By_1- Vo1 S Vieoa.

Repeating this procedure, we see by induction that x,a;.-; € V. _;, for 1<j<k, and
so in particular,

= Xolp = Xo@k-Gc-m € Vi-te-my = Vo

This shows that (8.12) holds for all n2 1, and so it follows that 7, and J;
=7 . Thus, J is the inductive ring topology (inductive locally bounded ring top-
ology) determined by the sequences (a,) and (B).

COROLLARY 8.5. An inductive locally bounded ring topology on a field is an
inductive ring topology.

We note that one could give a simpler proof of Theorem 8.4 by defining the
sequence (a,) as was done and observing that 7 =7 ((a,), (Cx)), where C,=U for
each k. However, when X is a countable field, it would be of some interest to know
if a ring topology 7 is an inductive ring topology -7 ((ax), (Bx)), where the sets B,
are finite. We see from (8.11) that if U is countable, (i.e., K is countable), then
we may take the sets B, to all be finite. This leads us to make the following def-
inition.

DEFINITION. Any of the inductive topologies 7 ((ax), (By)) or Zy((ax), (By)) will
be called finitely generated if each of the sets By is finite.

We are able to get, then, from Theorem 8.4, the following characterization of all
first countable, locally bounded ring topologies on a countable field K.

COROLLARY 8.6. The class of all first countable, locally bounded ring topologies
on a countable field K is precisely the class of all finitely generated, inductive locally
bounded ring topologies.

It is easily seen that if the sets B, are all finite, then the sets V7 given by (1.18) are
also finite. Thus, Corollary 8.6 gives an effective method for approximating a
basic system of neighborhoods of zero for any first countable, locally bounded ring
topology on any countable field.
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